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ABSTRACT 


A  system  of  parallel  processes  is  said  to  be 
synchronous  if  all  processes  ran  using  the  saeic 
clock,  alui  it  is  osynclironoos  if  each  proves*  has 
its  own  independent  clock*  For  any  *,  n,  a  pat* 
tlcuiar  distributed  problem  is  defined  involving 
system  behavior  at  n  "ports".  Ihis  problem  can  be 
solved  in  time  s  by  a  synchronous  system  but  re* 
quires  tine  at  least  (*-*)  log  n  on  any  asynchro- 
nous  system. 

I-HTKODUCTIuN 

A  system  of  parallel  processes  is  said  to  be 
synchronous  if  all  processes  run  using  the  ease 
clock,  so  the  processes  operate  in  lock-step,  and 
it  Is  asynchronous  If  eavli  proves*  has  its  own  in* 
dependent  clock.  Examples  of  synchronous  systems 
are  large  central  if ed  multiprocessing  computers 
and  VLSI  chips  containing  many  separate  parallel 
processing  elements.  Examples  of  as>r..  Itrouous  sya* 
tees  are  distributed  Computer  networks  and  1/0 
systems  for  conventional  computers. 

In  this  paper,  we  compare  time  ettlclency  of 
a  simple  mode!  of  a  synchronous  system  with  a 
similar  asynchronous  model.  We  bound  the  number 
of  processes  that  can  access  any  particular  com¬ 
munication  channel,  and  that  restriction  is  crucial 
to  our  results.  For  S,  n  v  t*  ,  ve  deJ  ine  a  partic¬ 
ular  distributed  problem  involving  n  "parts".  It 
can  be  solved  in  time  •  on  a  synchronous  system 
but  we  show  it  requires  time  at  least  (*-l)  llog^nj 

on  any  asynchronous  system.  Here  b  is  a  constant 
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reflecting  the  communication  bound  In  the  model, 
whose  precise  definition  le  given  In  the  next 
section.  If  we  strengthen  the  communication  sya- 
ten  slightly  to  permit  e  single  designated  process 
to  broadcast  to  all  the  others,  or  If  we  provide 
each  process  with  access  to  a  global  clock,  then 
the  asynchronous  model  can  solve  the  problem  in 
time  0(s). 

THE  MODELS 

Ue  use  s  version  of  the  model  of  •  concurrent 
system  defined  in  !Un,lf$l|.  Briefly,  It  con¬ 
state  of  collections  t  of  processes  and  X  of 
shared  variables.  The  global  state  of  the  system 
consists  of  the  Internal  state  of  each  process  to¬ 
gether  with  the  value  of  each  shared  variable.  A 
step  Is  an  atomic  action  which  consists  of  simul¬ 
taneous  changes  to  the  state  of  Some  process  and 
the  value  of  some  shared  variable.  Formally,  e 
step  o  li  «  pair  of  triples  ((s,p,t),(u,x,v)) 
where  s,  t  are  possible  Internal  states  of  process 
P,  and  u,  v  are  possible  values  of  variable  x.  Ve 
define  process (a)  •  p  and  vsrlsbleCU)  “  x  and  say 
J  Involves  p  and  accesses  x.’  Step  0  Is  applicable 
to  any  global  state  In  which  process  p  has  Inter¬ 
nal  state  e  end  variable  X  contains  value  u.  The 
effect  of  performing  a  la  to  change  tbs  state  of 
p  to  t  and  etmulianeuusly  to  change  the  value  of 
x  to  v. 

A  system  Is  specified  by  describing  F,  an 
Initial  global  state,  and  a  act  0VSTET5  of  fataal- 
ble  ateps.  A  process  p  blocks  in  s  global  stata 
g  If  tbera  Is  nu  step  a  In  OfcSTEFS  applicable  to  g 
with  process(o)  •  p.  In  this  paper,  we  r  -rules 
Our  system a  to  be  non-blocking  for  all  piocessea 
and  all  global  states. 

Let  x  *  X  and  define  localitvfxi  * 

{process (a)  :  0  t  OKSTEPS  and  variabls(O)  ■  x).  A 
system  la  b-bounded  If  ( locality (x) I  d  b  for  every 
x  «  X. 

A  computation  of  a  system  la  a  finite  or  In¬ 
finite  sequence  of  steps  in  CgSTEPS  such  that  the 
first  step  is  applicable  to  the  Initial  global 
state,  and  each  succeeding  step  is  applicable  to 
the  state  resulting  from  the  application  of  the 
previous  etep.  The  result  of  a  finite  computation 
is  the  global  stats  attar  applying  the  sequence. 

An  Infinite  computation  la  admissible  if  every 
process  appears  in  infinitely  many  steps  at  the 
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sequence. 

A  round  Is  any  sequence  of  steps  such  that 
every  process  appears  at  least  once  tn  the  sc* 
quence.  A  minimal  round  is  a  round  such  that  no 
proper  prefix  is  a  ruund.  Every  sequence  of  steps 
can  he  uniquely  partitioned  into  segaents  such 
that  every  segment  is  a  round,  except  possibly  for 
the  last  if  the  cequence  is  finite,  and  every 
round  is  minimal.  Uc  call  this  a  partition  into 
aitiicul  rounds,  even  though  the  last  segment  is 
uot  necessarily  a  round. 

A  sequence  of  steps  la  svsshr<.nuua  if  in  the 
unique  partition  into  ainiswl  rounds: 

(1)  No  two  ateps  in  the  ease  round  involve  tha 
suae  process; 

(2)  No  two  steps  In  the  saae  round  access  the 
sane  variable. 

(1>  and  (2)  together  Imply  that  the  ateps  In  each 
r-.uid  are  independent  and  can  be  performs!  in  any 
order,  or  simultaneously,  with  the  scae  result. 

The  run  time  for  a  finite  sequence  of  steps 
is  defined  to  be  the  nuaber  of  segments  in  the 
partition  Into  alniaal  rounds.  (Tills  definition 
Is  equivelent  to  the  one  in  ILFBIS  which  says  it 
is  the  longest  aaouut  of  elapsed  real  tiae  that 
the  systea  could  take  to  execute  the  sequence, 
subject  to  the  constraint  that  the  tine  delay 
between  two  steps  of  the  saae  process  la  at  aost 
unity.  For  synchronous  systems,  this  definition 
is  also  equivalent  to  the  sore  usual  one  which 
sinply  counts  the  nuaber  of  synchronous  steps  of 
the  systea,  where  one  synchronous  Step  constats  of 
the  slaulteneoua  execution  of  s  step  by  each  pro* 
cess.) 

Finally,  a  synchronous  syscea  is  s  concurrent 
systea  whose  allowable  eosputet ions  are  aii  of  its 
infinite  synchronous  computations.  An  asynchronous 
syscea  is  a  concurrent  systea  whose  allowable  com¬ 
putations  are  all  of  Its  infinite  admissible  com¬ 
putations. 

THE  PKOBLEH 

We  now  define  s  particular  behavior  for  a 
concurrent  ayatea.  Eat  Y  c  X  be  a  distinguished 
set  of  variables  called  ports.  A  port  eve at  Is 
any  step  that  accesses  s  port.  A  session  is  any 
sequence  of  stepa  containing  at  least  one  port 
event  for  every  port.  A  computation  geeferms  s 
sessions  if  it  can  be  partitioned  Into  s  segment*, 
each  of  which  is  a  session.  An  infinite  compu¬ 
tation  is  ultimately  Quiescent  if  It  contain* 
only  e  finite  number  of  port  events.  The  tire  to 
quiescence  of  an  ultimately  quiescent  sequence  is 
the  run  else  of  the  shortest  prefix  containing  «!! 
port  events. 

Ect  s,  n  <  ft .  The  (s.n)-sessloe  problem  is 
the  problem  of  finding  a  concurrent  system  with  n 
ports  such  that  every  allowable  cuspulatl.-m  per¬ 
forms  (at  least)  a  sessions  and  is  ultimately 
quiescent. 

Note  that  the  (e.a)-aeasioa  problem,  like 
the  mutual  exclusion  and  dining  philosophers 


problems,  concerns  possible  orderings  of  sequences 
of  events  rather  than  tha  computation  of  partic¬ 
ular  outputs.  It  is  an  abstraction  of  the  syn¬ 
chronization  needed  in  many  natural  problems. 
Consider,  for  example,  a  simple  message  distribu¬ 
tion  system  In  which  a  sending  process  writes  a 
sequence  of  s  messages  one  at  a  time  on  a  board 
visible  to  ell  and  waits  aftar  each  message  until 
all  n  other  processes  have  read  the  message. 
Ultatever  protocol  insures  that  the  sender  has 
waited  sufficiently  long  will  also  solve  the 
(a,n)-sesslon  problem. 

HA1N  KESULT 

We  show  that  any  asynchronous  b- bounded  sys¬ 
tem  solving  the  (s,n)-sei*lon  problem  requires 
time  at  least  (s-1)  liog^nj  to  quiescence,  whereas 

there  is  a  trivial  synchronous  system  which  solves 
the  problem  in  time  exectly  a.  This  is  the  first 
exaaple  we  know  of,  of  a  problem  for  which  an 
asynchronous  system  is  provsbly  slower  than  a 
synchronous  one,  and  it  shows  that  a  straight¬ 
forward  step-by-step  and  process-by-proceas  simu¬ 
lation  of  an  n-procesa  synchronous  system  by  an 
n-proccss  asynchronous  one  necessarily  loses  a 
factor  of  log^n  In  speed. 

Tha  result  is  even  mors  surprising  whan  one 
reallsea  that  the  trivial  asynchronous  system 
with  one  process  per  port  (and  nc.  communication 
among  tha  processes)  in  which  each  process  does 
nothing  escept  access  a  port  on  each  step  In  fact 
performs  a  sessions  within  time  s.  The  difficul¬ 
ty  la  that  no  process  knows  when  tins  •  has 
elapsed  (due  to  the  lack  of  e  global  ayatea 
"clock”),  nor  does  It  know  when  the  s  sessions 
have  in  fact  been  achieved,  so  none  of  the 
processes  knows  when  to  sto.l  accessing  its  port. 

A  procedure  which  docs  work  is  for  a  process 
associated  with  each  port  to  perform  e  port 
event,  broadcast  that  fact  and  then  wait  until 
it  has  heard  that  all  other  port  processes  have 
performed  their  port  events  snd  that  the  session 
has  been  completed.  This  is  repeated  e  times. 

By  making  the  port  processes  the  leeves  of  e 
tree  network,  the  necesaery  communication  for  one 
session  can  be  accomplished  in  time  O(log  n); 
hence,  the  total  time  to  quiescence  for  the 
solution  Is  Ofs  log  n).  It  seems  very  in¬ 
efficient  to  welt  after  each  part  event*  end  one 
might  try  to  invent  clever  schemes  to  increase 
the  concurrency  in  the  system.  Our  lower  bound 
shows,  however,  that  thie  method  le  optimal  to 
within  a  constant  factor,  so  only  a  limited 
Mount  of  improvement  ie  possible. 

We  now  present  the  formal  results. 

Theorem  1.  For  all  a,  n  t  W ,  there  le  e 
.-bounded  synchronous  system  which  solves  the 
is, a) -session  problem,  such  that  the  time  to 
quiescence  for  each  allowable  computation  is  s. 

froof ■  The  system  has  n  processes,  one 
corresponding  to  each  port,  tech  process 
accesses  its  port  or.  each  of  its  first  s  steps 
and  then  ceases  performing  pert  events.  In 
every  Infinite  synchronous  computation,  each  at 
the  first,  s  minimal  rounds  constitutes  e  session. 
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and  the  system  becomes  quiescent  utter  3  rounds. 
Ht-n.e,  t!ic  system  salves  the  (s,n)-sesslui:  problem 
ill  tide  S. 

u 

itieafea  2  (Main  Result).  Assume  b»  s,  n  t  H  , 
b  c  2.  Fur  every  b-bounJed  asynchronous  system 
which  salves  the  (s ,n)-ees»iun  problem,  the  time 
tu  quiescence  is  at  least  (»-l)  l lug^nj  for  same 

allowable  computation. 

Hie  proof  of  Theorem  2  Involve*  a  series  of 
three  leaaua  about  a  particular  partial  ordering 
of  steps  of  a  computation.  (The  ordering  repre¬ 
sents  a  kind  of  logical  dependency.)  We  break  up 
the  proof  of  Theorem  2  by  presenting  the  lessas 
before  the  main  proof.  These  lessens  and  their 
proois  are  self-contained  and  depend  only  on  the 
properties  given  below.  For  belief  intuitive  mo¬ 
tivation,  however,  the  reader  may  wish  to  read  the 
main  ptoof  before  reading  the  lemmas. 

Let  ft  be  the  set  (l . a)  (of  "round" 

numbers),  p  a  finite  act  (of  "processes"),  X  a 
set  (oi  "variables").  Let  D  be  u  set  having 
mappings  round  ;  D  -*  K,  proc  :  D  ■»  P  and 
vqr  :  0  ■*  X.  Assume  chat  for  every  pair 
(r.p)  t  K  »  P,  there  is  exactly  one  a  >  D  having 
round (,;■)  -  r  and  proc(o)  «  p.  Let  loots)  • 

{proe(c)  :  a  t  i»  and  var(o)  •  *i.  Let  b  ft  2  and 
assume  !loc(x)l  s  b  for  all  x  <  X. 


Let  i  be  a  partial  order  on  D,  and  writs 
0  |  It)  indicate  that  0  <  T  and  there  Is  no  p 

with  C  *  p  <  T.  Assume  that  i  has  the  fallowing 
properties: 


(1)  If  0  s  T,  then  cither  var(d)  ••  var(t)  or 
1  proc(j)  ■  proc(t). 

(11)  If  cither  var(o)  -  ver(T)  or  proc(O)  • 
proctl),  then  0  and  1  arc  WimpjraliU. 


fix  0"  as  the  smallest  such  member  of  D.  Define 
B*  •  dep(o')  If  o'  exists,  4  otherwise,  and 
B"  »  dep(<l“)  If  o"  exists,  4  otherwise.  Then 
properties  (1)  and  (11)  and  monotoulclty  show 
that  dvp(o)  £  ft'  u  ft”  o  (x).  It  suffices  to  show 

that  B*  u  B"£  U  dep(l)  a  (xh 

TtC 

Wa  first  consider  end  assume  o'  exlats. 
(If  o'  does  not  exist,  there  la  nothing  to  prove.) 

By  Induction,  ft*  c  JJ  dep(T)  u  (x),  where 
~  TtC 

C  •  (1  <  D  s  round(t)  ■  round(o')  +  1  and 
proc(T)  <  loc(x)).  For  every  T*  iC',  there 
exlate  t  t  C  with  proc(T)  •  proc(T').  Property 
(it)  allows  that  T  and  T*  are  s-com parable; 
pruperty  (111)  shows  that  til'.  Honotonlclty 
implies  tliat  dep(T')  £  dep(T).  Tlius, 

B'  £  U  dep(t)  u  (x),  as  needed, 

_TtC 

Finally,  wa  consider  ft",  mu'  assume  o" 
exlats.  Then  the  properties  of  0  and  s  show 
tliat  round(o“)  •  r  +  1,  so  that  o"  c  C. 

Thus,  ft"  £  U  dep(T),  as  needed. 


Leasee  3.  For  each  a  a  0,  It  la  the  case 

tliat 


.  a-round(o)+l  . 

Idep(O)  1  4  - - - —  . 

Proof.  Uc  proceed  by  Induction  on 
k  -  round (0).  starting  with  k  •  a  and  working 
backwards, 

BASIS:  ft  •  a..  By  Liman  2,  dcp(O)  £  {var(o)}, 

so  ldcp(0)l  4  1.  as  needed. 


(Ill)  If  0  4  T,  then  roundio)  i  round!:}. 

Finally,  let  dep(o)  •  ivar(i)  :  0  i  T). 

lc=«M  1  (Honotonlclty) .  If  Oj  x  0,,  then 
dep(02)  £  depio^). 

Proof .  Obvious  from  the  definition  of  dep. 


IKWCT1CN:  1  4  k  <  a.  fty  Lew  2,  we  have 

!dcp(o){  4  J  Idep(t)  1  el,  where  C  la  defined  as 
TtC 

In  Learns  2.  Each  T  *  C  baa  round(T)  «  k  +  1, 

l*-k  , 

so  by  Induction,  )dep(T}1  4  ■  — .  Also, 

lcl  4  b.  Hence,  idep(0)l  4 


Uau  2.  Let  O  t  D,  round(o)  •  r, 
ver(O)  *  x.  lost  C  *  (t  «  D  :  round(l)  • 
r  ♦  i  and  proe(T)  <  loc(x)). 

Then  dep(c)  £  U  dcp(T)  u  (a). 

T«C 

Proof.  Proof  la  by  InJoctlon  00  s,  beginning 
with  maximal  elements,  let  0  <  D  and  assume  the 
lemma  Iwlds  for  ell  T  »  0.  Assise  r,  x  and  C  are 
defined  from  O  es  In  the  Statement  of  the  lemma. 

If  there  exlsta  o'  «  D  with  var(a')  •  x  and  0*  >  0, 
then  fix  0*  as  the  tallest  such  member  of  D. 
(Property  (11)  Insures  that  O',  If  It  exlats.  is 
defined  uniquely.)  Similarly,  If  there  exlats 
d"  «  D  with  proc(o")  «  proc (u)  and  j”  *  i.  then 


Proof  of  Theorem  2.  Assist  as  asynchronous 
system  which  solves  the  (s,a)-scsslom  problem. 
Entgtcrate  the  processes  arbitrarily.  Construct 
an  infinite  admissible  computation  a  fty  running 
the  processes  la  round-robin  order  (one  step  of 
process  1.  one  of  process  2,.,.,  oea  atop  of 
process  q,  one  step  of  process  1,...).  Each 
round-robin  round  Is  minimal  and  contains  exactly 
one  step  of  each  process;  hence,  the  time  to 


4 


perform  the  first  r  rounds  Is  cxoctly  r.  Because 
we  asc.umc  a  correct  solution,  this  computation  Is 
ultimately  quiescent .  Let  t  be  the  list*  i,,  qul- 
esceiu  e  fur  this  computal  lun.  TJu-it  round  t  Is  the 
last  round  at  which  anv  port  event  occurs.  We  wish 
to  show  t  £  (s-l)  ilug^u'. 

Let  a  *  where  8  contains  the  first  t 
rounds  of  a,  and  f  Is  the  refraining  tall.  Our 
strategy  la  to  construct  a  new  infinite  admissible 
coaputatlon  a'  “  d'y  ,  where  S'  Is  a  reordering  of 
the  steps  of  £  that  results  In  the  sane  global 
state  as  0,  but  8*  per I eras  at  moot  t/JIog^nJ  *  1 

sessions.  Since  no  port  events  occur  In  V,  It 
follows  that  a*  performs  at  most  t/llog^ni  ♦  1 

sessions.  Since  a*  is  an  Infinite  admissible  cum* 
putatlon  for  the  system,  t/1 logout  tics  and  our 

result  follows. 


to  apply  Lemma  3,  to  the  suborderlng  of  £  defined 

S 

Hy  restriction  to  rounds  with  numbers 
la-1)  1  lug^oltl . kllog^n)  Inclusive.  Ttie 

mapping  "rounds"  required  for  the  lemmss  Is  ob¬ 
tained  by  renumbering  the  rounds  In  the  same  order. 
Mappings  "proc"  sna  "var"  are  obtained  from  the 
mappings  "process”  and  "variable"  respectively. 

It  Is  straightforward  to  see  that  the  necessary 
properties  of  0  and  £  ars  satisfied.  Then  by 
Iowa  3,  we  see  that  IdepCt^)  I  £ 

bilugbni  ***  -1  £  n  -  1.  Since  there  are  n  ports, 

b—  1 

this  means  that  there  Bust  exist  s  port  yk 
and  a  step  such  that 

(1)  is  the  last  step  In  Bk  which  accesses 


To  construct  8*,  we  first  construct  s  partial 
order  of  the  steps  In  8,  represent Ing  "dependency". 
(Formally,  the  domain  of  the  partial  order  conslste 
of  ordered  pairs  (1,5^),  Where  E, ^  Is  the  1th  step 

of  8.)  For  every  pair  of  steps  0,  1  In  S,  we  let 

0  £  T  if  0  precedes  T  In  6  end  either  pr>cea*(fl)  - 

8 

process (I)  or  verlablc(d)  •  variable!'}.  Close  s 

under  transitivity.  |  is  e  partial  order,  and 

every  total  order  of  the  steps  of  £  consistent 
with  i  Is  a  computation  which  leaves  the  system  In 
8 

the  s-mc  global  state  as  8-  (Clearly  8  Itself 
defines  such  a  total  ordering.) 

Sow,  let  m  •  ft/Llog^nJl  ,  and  write 
8  "  8,... 8  .  where  3  consists  of  ilog(jOi  minimal 
rounds,  1  I  k  <  i.  Let  yQ  be  an  arbitrary  port. 

For  k  *  l,...,m.  we  define  Inductively  e  port  rk 
end  two  sequences  of  steps  $k  and  vk«  as  follows. 

There  are  two  cases.  First,  If  there  Is  some  port 
which  Is  not  accessed  by  any  step  o!  8^,  then  take 

yk  to  be  that  port  and  let  $k  -  A  (the  null 
scnucnce)  and  *k  •  8k-  Otherwise,  let  be  the 
first  step  In  dfc  which  accesses  yfc_,.  We  now  wish 


(11)  It  Is  falss  that  T.  £  0.  . 

*  a  * 

Thus,  adding  tbs  rslatloo  0.  1  T.  to  1  and 

k  8  *  8 

closing  under  transitivity  results  In  another 
partial  order  £  .  Choose  any  total  ordering  of 

the  etepa  In  0k  consistent  with  £  .  Let  ♦,  be 

the  longest  prefix  of  that  ordering  not  contain¬ 
ing  any  atap  accessing  yk_j.  and  let  *k  ha  the 

temaindet.  This  Is  illustrated  In  Figure  1. 


In  either  case,  #k  does  not  contain  any 
step  which  accesses  yk-J  and  does  not  contain 
any  atap  which  accesses  yk* 

Let  8*  •  WjV”*.V  9’  11  con,Ut*nt 
with  £  ,  but  8*  contains  at  moat  ■  £  t/llog^nj  ♦  1 
8 

**** ion*,  tine*  **ch  aaaaio®  mu*i  contain  atap# 
on  both  aides  of  some  boundary.  (If  a 

sequence  of  steps  were  completely  contained  In 
#kldk,  for  example,  then  It  would  fall 

to  contain  a  step  accessing  port  yk_j-) 

□ 


_no  .tccesses  to  yk_s _ L 


no  accesses  to  yk 


0—0 - 0 - 0 — . 


-0- — 0~»-0~ 
Jk 


.0-0- 0 - 0 — . . . - 0 - 0 - Q - o 


Figure  1.  A  total  ordering  of  stepa  In  ^  cons latent  With  * 
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KESULTS  Kok  HOKE  CKSEKaL  MODELS 

If  the  model  Is  generalized  by  removing  the 
bound  on  the  number  of  processes  which  can  access 
a  shared  variable,  then  a  single  coMhinlcation 
variable  shared  by  n  port  processes  can  be  used  to 
construct  an  easy  0(a)  solution. 

In  fact,  if  the  original  model  is  only  gen¬ 
eralized  slightly  by  allowing  one  of  the  shared 
variables  to  be  read  by  an  arbitrary  rubier  of 
processes  (but  only  to  be  changed  by  one  process), 
then  an  0(s  ♦  log  n)  solution  is  possible.  In 
■ere  detail,  we  use  a  shared  Variable,  the  message 
board,  which  every  process  can  reaj  but  only  one 
(feed  process,  the  supervisor,  can  change.  Each 
port  has  a  corresponding  port  proves*,  and  there 
are  additional  common icat ion  processes  whose  job 
it  is  to  pass  messages  through  a  tree  network  froa 
the  port  processes  back  to  the  supervisor.  The 
message  board  contains  an  integer  which  we  call 
a  "clock**  value.  The  supervisor  alternately  In¬ 
crements  the  clock  and  reads  the  messages  being 
sent  back.  Each  port  process  repeatedly  performs 
a  cycle  of  reading  the  clock,  performing  a  port 
event,  and  sending  a  message  back  to  the  super¬ 
visor,  through  the  network,  which  contains  the 
clock  value  just  read  and  the  port  Identifier. 

If  Cj  and  Cj  ara  two  succesalva  clock  values 

scat  by  port  process  1,  then  a  port  event  must 
occur  at  port  1  sometime  efter  the  clock  assumes 
value  Cj  and  before  the  clock  assumes  value 

Cj  ♦  l.  ty  naturally  combining  this  information 

about  ail  porta,  the  supervisor  cau  construct  a 
sequence  0  -  bQ  «  bj  «  b^,  <  . . .  «  b^  such  that  for 

each  J,  a  session  la  guaranteed  to  occur  between 
the  times  when  the  clock  flrat  assumes  values  bj 

“d  Vi*  (Specifically,  1st  denote 

denote  the  successive  clock  values  sent  by  port 
process  t,  l  i  i  i  s.  Then  define 

bj  -  ms*  (e1(fcn)  ♦  1  i  l  i  1  S  »  and  k  is  the 
smallest  index  such  that  cJk  t  b  j),  for  each  J, 

l  1  J  *  ••)  After  the  supervisor  constructs  this 
entire  sequence.  It  knows  that  at  least  s  sessions 
have  in  fact  occurred,  at  which  time  it  puts  a 
"STOP"  message  on  its  message  board.  When  the 
port  processes  read  the  "STOP"  message,  they  atop 
performing  port  events. 

It  is  easy  to  sec  that  this  construction 
solves  the  (s.n)-sesslcn  problem.  We  argue  that 
It  satisfies  the  required  0(s  ♦  log  n)  time 
bound. 


assumes  values  b^_^  and  b^  la  bounded  above  by  e 
constant,  for,  from  the  time  when  the  clock 


first  assumes  value  b 


J-l* 


it  la  at  moat  a  fixed 


constant  amount  of  time  before  all  port  processes 
have  read  the  clock,  performed  port  events,  sent 
messages  containing  clock  values  *  fc  sad 

read  the  clock  once  again.  Thereafter,  it  Is  at 
most  one  time  unit  before  the  clock  la  incre¬ 


mented  again,  thereby  assuming  value  b 


V 


Thus,  the  total  elapsed  time  until  the 
clock  assumes  value  b  Is  0(a).  Tharaafter, 

within  time  0(log  n),  the  supervisor  has  recalvad 
all  tha  needed  messages  Mid  can  deduce  that  a 
sessions  have  occurred  end  display  tha  "STOP” 
message.  Three  time  units  latar,  all  port 
processes  will  have  read  the  “STOP"  message  and 
will  have  stopped  performing  port  events. 
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First,  we  consider  message  transmission  time. 
Since  we  ere  not  assuming  any  upper  bound  on  size 
of  variables,  the  tree  network  cun  guarantee  (by 
concatenating  messages)  that  any  message  css  be 
seal  as  soon  as  a  process  Is  ready  to  aend  it, 
and  also  that  any  message  sent  by  time  t  la 
received  by  the  supervisor  by  time  t  *  0(log  n). 

Sext,  we  claim  that  for  each  J,  1  i  ]  i  i, 
the  elapsed  time  between  when  the  clock  first 
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